In 1932 Wigner 1 introduced a wave-mechanical phase space distribution function that plays a role closely analogous to that of a classical phase space distribution in position and momentum. For a wave field varying in one spatial dimension, E ͑x͒, the Wigner phase space distribution is given by 2 W ͑x, p͒ Z de 2p exp͑iep͒͗E ‫ء‬ ͑x 1 e͞2͒E ͑x 2 e͞2͒͘ ,
where x is the position, p is a wave vector (momentum), and angle brackets denote a statistical average. Despite their frequent use in theory and potential practical importance to imaging, 3 -5 Wigner phase space distributions have received relatively little attention in optical measurements. Because rigorous transport equations can be derived for Wigner distributions, these distributions are important for fundamental studies of light propagation and tomographic imaging.
In this Letter we demonstrate that the mean-square heterodyne beat signal, which we measure in real time, is proportional to the overlap of the Wigner phase space distributions for the local oscillator and signal f ields. This remarkable result, which seems not to have been exploited previously in heterodyne detection, 6 ,7 permits us to measure Wigner phase space distributions for the signal field directly as contour plots with high dynamic range. The measured phase space contours are smoothed Wigner distributions for the signal f ield; i.e., the phase space resolution is determined by the diffraction angle and the spatial width of the local oscillator. 8 We measure Wigner distributions for cases that illustrate their basic physical properties.
The scheme of the heterodyne method, Fig. 1 , employs a helium -neon laser beam that is split at BS1 into a 1-mW local oscillator (LO) and a 1-mW signal beam. One can introduce a sample into the signal path to study the transmitted field. The signal beam is mixed with the LO at a 50-50 beam splitter (BS2). Technical noise is suppressed by use of a standard balanced detection system. 9 The beat signal at 10 MHz is measured with an analog spectrum analyzer. An important feature of the experiments is that the analog output of the spectrum analyzer is squared by a low-noise multiplier. 10 The multiplier output is fed to a lock-in amplif ier, which subtracts the meansquare signal and noise voltages with the input beam on and off. 11 In this way the mean-square electronic noise and the LO shot noise are subtracted in real time, and the lock-in output is directly proportional to the mean-square beat amplitude ͗jV B j 2 ͘. The beat amplitude V B is determined in the paraxial ray approximation by the spatial overlap of the LO and signal f ields in the detector planes, z z D . 6 The fields in the detector planes can be related to the f ields in the source planes at input lenses L1 and L2 ͑z 0͒, which have equal focal lengths f . L2 is translated off axis by a distance d p , and mirror M1 is translated off axis a distance d x . The mean-square beat amplitude is obtained in the Fresnel approximation as Here E is a slowly varying f ield amplitude (band center frequency phase factor removed) and k 2p͞l. The current system measures position over 61 cm and momentum over 60.1 k (i.e., 6100 mrad).
First we review the basic properties of Wigner distributions for Gaussian signal beams and demonstrate their measurement as phase space contours. A Gaussian beam has a slowly varying field of the form E ͑x͒~exp͓2x 2 ͑͞2w 2 ͒ 1 ikx 2 ͑͞2R͔͒. Equation (1) yields the corresponding Wigner distribution (normalized to unity):
Here the intensity 1͞e width is w and the wave-front radius of curvature is R. Wigner distributions obey a simple propagation law in free space: The convective derivative is zero, which follows from the wave equation in the slowly varying amplitude approximation. For a time-independent Wigner distribution propagating paraxially in the z direction with wave vector p z Ӎ k the distribution in the plane z L then is given in terms of that for z 0 according to W ͑x, p, z L͒ W ͑x 2 pL͞k, p, z 0͒. Hence the x argument propagates in straight lines. For propagation through a lens of focal length f it is easy to show that the quadratically varying phase of the lens, f͑x͒ 2kx 2 ͞2f , leads to a change in the momentum argument: p ! p 1 kx͞f . These results easily yield the ABCD law of Gaussian beam optics. 12 Hence, for example, suppose that W G is the Wigner distribution for a Gaussian beam at a waist, i.e., Eq. (4), with w a and R `. Then it is easy to show that W ͑x, p, z L͒ W G ͑x 2 pL͞k, p͒ takes the form of Eq. (4), with w and R given by the usual Gaussian beam results that properly include diffraction. 12 In the experiments we begin with Gaussian signal fields, and W S ͑x, p͒ takes the form of Eq. (4). The LO beam is chosen to be Gaussian with its waist in the plane of L1. Then W LO ͑x, p͒ W G ͑x, p͒ is given by Eq. (4) with w a 380 mm and R `. With the sample removed (Fig. 1) , the signal beam waist and radius of curvature are determined by a lens (not shown) that focuses the input beam to a waist, a s 35 mm, at a plane located a distance L behind the signal input plane at L2. It is instructive to measure phase space contours for a source consisting of two mutually coherent, spatially separated Gaussian beams. The input beams are 
where W G denotes the Wigner distribution for either Gaussian beam at its waist. An interesting feature of this distribution is that for d . . a s , as used here, the cosine term is dominant at x 0 and negative values are obtained as p is varied. Figure 3 shows the measured contour plots. In the central region the intensity oscillates with nearly 100% modulation but is positive definite, as it must be. 8 Note that the orientation of the phase space ellipses indicates beam waists. The right-hand ellipse is centered at a higher momentum than the left, indicating a small angle between the two input beams. The two-peaked position prof ile for p 0 is shown along with the oscillatory momentum prof ile for x 0 midway between the two intensity peaks. The solid curve shows the theoretical f it to the momentum distribution, with a signal beam 1͞e width of 103 mm, which is consistent with diode array measurements within 10%.
In conclusion, we have demonstrated direct heterodyne measurement of smoothed Wigner phase space distributions. This method achieves high dynamic range 13 and is applicable to light from arbitrary samples. Study of Wigner distributions may be useful for placing biological imaging methods, such as optical coherence tomography 14 and potential high-resolution optical biopsy techniques, on a rigorous theoretical footing.
